We consider complete state tracking feedback control of a ship having two controls, namely surge force and yaw moment. The ship model has similarities with chained form systems but cannot directly be transformed in chained form. In particular, the model has a drift vector ® eld as opposed to the drift-free chained form systems. It is shown here that methods developed for tracking control of chained form systems still can be used for developing a tracking control law for the ship. Through a coordinate transformation the model is put in a triangular-like form which makes it possible to use integrator backstepping to develop a tracking control law. The control law steers both the position variables and the course angle of the ship, providing exponential stability of the reference trajectory. Experimental results are presented where the control law is implemented for tracking control of a model of an oOE shore supply vessel, scale 1 : 70. In the experiments the ship converges exponentially to a neighbourhood of the reference trajectory, and stays close with errors depending on factors as unmodelled dynamics, parameter uncertainty, measurement noise, thruster saturation, waves, currents and position measurement failures.
Introduction
We consider complete state tracking feedback control of ships having two controls, namely surge force and yaw moment, but without sway force control. The ships may typically be equipped with either two independent aft thrusters or with one main aft thruster and a rudder, but are without any bow or side thrusters. These are common thruster con® gurations, for instance many supply vessels have this equipment. We consider tracking control of both the position variables and the course angle of the ship, together with the corresponding velocities. We thus seek to control three degrees of freedom with only two controls available, and hence we have an underactuated control problem. The underactuated stabilization problem of this ship has been studied in Wichlund et al. (1995) , Pettersen and Egeland (1996) , Reyhanoglu (1996) and . Tracking control of ships has mainly been based on linear models, steering the same number of degrees of freedom as the number of controls available. In Godhavn (1996) and Berge et al. (1999) output tracking control based on non-linear models of the ship was investigated, and controllers providing global exponential stability of the desired trajectories were developed using feedback linearization. However, complete state tracking was not achieved as only the two position variables converge to their desired trajectories, while the course angle is not controlled. Furthermore, in SiraRamirez (1999) it is shown that the underactuated ship is a Liouvillian system, and based on this property a feedback control scheme is developed using a combination of linearization and high gain control, that gives global exponential stability of the position trajectory. In Pettersen and Nijmeijer (1999 a) a complete state tracking controller based on a non-linear model was developed, controlling both the position variables and the course angle. This provided global exponential stability towards an arbitrarily small neighbourhood of the reference trajectory, i.e. global exponential practical stability. However, exponential stability of the desired trajectory was not achieved. The purpose of this paper is to develop a complete state tracking controller that exponentially stabilizes the reference trajectory, and to provide an experimental veri® cation for the proposed controller. We do not consider the motion planning problem or the output measurement and state estimation problem which are other important problems to be addressed for ship guidance, navigation and control.
The underactuated tracking control problem for the ship is inherently non-linear. The ship model is not static feedback linearizable, and other non-linear control approaches should be sought. Investigating the ship model equations, it can be seen that the structure of the equations has similarities with chained form systems (Murray and Sastry 1993) , but the ship model is not directly transformable to chained form. Amongst others, the ship model has a drift vector ® eld, and this is not merely a dynamic extension of a system transformable to chained form. However, motivated by the similarities in structure, we show in this paper that the recursive technique for developing tracking controllers for chained form systems presented in Jiang and Nijmeijer (1999) , can be used to develop a control law for the ship model with drift. Performing a change of coordinates to achieve model equations in a triangularlike form, and using integrator backstepping (Marino and Tomei 1995, KrsticÂ et al. 1995) , a continuous state feedback tracking control law is developed. The control law is proven to give local exponential stability of the desired trajectory. This approach was also used by the authors in Pettersen and Nijmeijer (1988) where an underactuated tracking control law was presented. However, noting that the sign of the Coriolis and centripetal parameter of the underactuated ship dynamics will always be positive, we are in this paper able to derive an underactuated tracking control law which guarantee s local exponential stability with less strict constraints on the control parameters. In particular, a second-order constraint on the curvature of the reference trajectory is removed. Furthermore, we here present experimental results in order to understand more about the value and the limitations of the theory. The proposed control law is a state feedback tracking controller, developed under the assumption that all the state variables are available for feedback. In the experiments however, we only have position measurements, and no velocity measurements are available. A non-linear passive observer (Fossen and Strand 1999 ) is used to estimate the unmeasured states, and the estimates are used for feedback in our control law. However, as there is no non-linear separation principle this scheme does not guarantee stability. In future, the output feedback tracking control problem should be investigated for underactuated ship control, deriving a combined observercontroller scheme that is proven to be stable. Output feedback tracking control of fully actuated ships has been investigated in Paulsen and Egeland (1966) , Vik and Fossen (1997) and Pettersen and Nijmeijer (1999 b) , but to the authors' best knowledge no solutions have been presented for underactuated ship control.
The paper is organized as follows: In } 2 the ship model is presented, and the tracking control law is developed. The experimental results are presented in } 3, and conclusions are drawn in } 4.
The tracking control law
For the development of the control law, we use a non-linear model of the ship based on Fossen (1994 The variables u; v and r are the velocities in surge, sway and yaw respectively, see ® gure 1. The parameters m ii > 0 are given by the ship inertia and added mass eOE ects. The parameters d ii > 0 are given by the hydrodynamic damping. The available controls are the surge force u 1 , and the yaw moment u 2 . We do not, however, have an available control in sway, and the problem of controlling the ship in three degrees of freedom is therefore an underactuated control problem. In particular, the underactuation leads to a constraint on the acceleration given by (2). Note that this second-order nonholonomic constraint contains a product term of (integrated) inputs, as opposed to the equations of chained form systems. When modelling the ship, the dynamics associated with the motion in heave, roll and pitch are assumed to be negligible. It is furthermore assumed that the inertia and damping matrices are diagonal. This is true for ships having port/starboard and fore/aft symmetry. Most ships have port/starboard symmetry. Non-symmetry fore/aft of the ship implies that the oOE -diagonal terms of the inertia matrix m 23 6 0 and m 32 6 0, and also for the damping matrix d 23 6 0 and d 32 6 0. These oOE -diagonal terms will, however, be small compared to the diagonal elements m ii and d ii (iˆ1; . . . ; 3 † for most ships. Non-symmetry fore/aft will also give some extra cross-terms due to Coriolis and centripetal forces. Control design in the general case where also the oOE -diagonal terms are taken into account, is trivial to solve for a fully actuated ship while it is still a topic of future research for the underactuated ship.
As we can control the surge and yaw motion of the ship directly, we can perform the input transformation 
to obtain a model where the actuated dynamics are simple dynamic extensions. The variables ½ u and ½ r are new control variables that will be used later in the controller design. Physically, they can be interpreted as the total forces and moments acting on the surge and yaw dynamics due to actuators, hydrodynami c damping and Coriolis and centripetal forces and moments, scaled by the mass and inertia in surge and yaw respectively. The main reason for introducing the input transformatio n (4) and (5) lies however in the fact that it simpli® es the dynamics. The dynamic equations then are
where cˆm 11 =m 22 > 0 and dˆd 22 =m 22 > 0. The kinematics of the ship are described by
where x; y and Á give the position and orientation of the ship in the earth-® xed frame. To obtain simpler, polynomial equations we use the same global coordinate transformatio n as in Pettersen and Egeland (1996) 
The resulting model of the ship is then
In the ® rst step of the development of the tracking control law, we view ½ u and r as the controls, disregarding the dynamic extension equation (20). Assume that the reference trajectory …z 1d ; z 2d ; z 3d ; u d ; v d † is generated by the equations
where r d and ½ ud are the inputs to the reference model. We de® ne the error variables by x eˆx x d . The error dynamics are then given by the equations 
The tracking control problem we will discuss thus consists of ® nding an appropriate state feedback controller for r and ½ u such that the error dynamics (26)± (30) are asymptotically (exponentially) stable about the origin. De® ne new error variables as
Observe that (32)± (36) indeed acts as a time-dependent coordinate transformatio n from …z 1e ; z 2e ; z 3e ; u e ; v e † to …! 1 ; ! 2 ; y 1 ; y 2 ; y 3 †, where the time-dependency is caused by the appearance of z 1 …t †; z 2 …t †; u…t † and r d …t †. With respect to these new error coordinates the dynamics (26)± (30) reads as
Note that (37)± (41) have a triangular-like structure and are therefore suitable for applying a recursive vectorbackstepping controller design, cf. KrsticÂ et al. (1995) , Marino and Tomei (1995) , Jiang and Nijmeijer (1999) .
In particular, note that the variable y 3 enters into all the equations of the other variables. Also, disregarding the elements multiplied by y 3 , the diOE erential equations for each system variable include, with the exception of ! 1 , only the subsequent variables (the terms including preceding variables in (40) can be cancelled by the control ½ u †. The resulting controller is given as
where the control parameters k 1 ; k 2 ; ¬; ®; a 1 ; a 2 ; ¶ > 0. Let S be any given compact set in 5 containing the origin. Choose ¶ 2 ‡ such that on
i.e. the function µ: 5 7 ! , that with a slight abuse of notation is de® ned as
is positive on S. This assures that the control law (43) is well-de® ned on S: Moreover, let k 1 ; k 2 ; ¬ and ® satisfy the following inequalities
…48 †
For each given ship the damping parameter dˆd 22 =m 22 > 0 is given, and we choose k 2 according to (46). Then k 1 is chosen according to (47), and ® nally ¬ and ® are chosen such that (48) is satis® ed. For instance choose k 1ˆk2 =c ‡ ", with " > 0 but small, then the conditions (46)± (48) reduce to
Asymptotic stability of the closed-loop dynamics (37)± (43) follows by standard Lyapunov analysis, with as the obvious Lyapunov function found after iterative backstepping
a 2 y 2 3
…52 †
As the control parameters satisfy the inequalities (46)± (48) there exists constants°1;°2;°3 > 0 such that
Thus by completion of squares in (52) we see that
for some constant a > 0. We have thus proven that, under the condition that (43) is well-de® ned, the origin of the closed-loop system (37)± (41), (42) and (43) is exponentially stable. Note that we have proven a local and not a semi-global result. We would have proven semi-global exponential stability if, for any given set B in 5 containing the origin, we could choose S, ¶ and L V …c* † where L V …c* † is a level set of V that is contained in S and bounded (i.e. L V …c* † is a region of attraction), such that B » L V …c* †. However, noting that the value of ¶ in¯uences the shape of L V …c* †, cf. (51), we see that this is not always possible. The result is summarized in the following proposition. Remark 1: It is worth noting that the result of Proposition 1 is in principal a local result. It is clear that a further tuning of the controller parameters, i.e. k 1 ; k 2 ; ¬; ®; a 1 ; a 2 ; ¶, may in¯uence the size of the region of attraction. We conjecture that our control law achieves semi-global stabilization, that is a proper tuning of the control parameters will increase the size of the attraction region to a neighbourhood of the origin of arbitrarily large size. Unfortunately, so far we have not been able to prove the semi-global stability rigorously.
Although the result as formulated in Proposition 1 is thus local, it seems to lead to a better performance in comparison with a simpler approach based on linearization about the desired trajectory, in the sense that we are able to control all three degrees of freedom of the ship. 
…61 †
It is then seen that (where the function µ was de® ned in equation (45))
Choosing the control law
where a 3 > 0, we obtain
for some constant · a a > 0. We have thus proven that, under the condition that (43) is well-de® ned, the origin of the closed-loop system (37± 41)± (60), (42) 
Remark 2:
The integrator backstepping method clearly does not take into account the physics of the model. In particular, the Lyapunov functions V in (51) and W in (61) found after iterative backstepping, do not represent the system energy, and also the control laws (42) and (43) and (42)± (63) are rather involved, cancelling out much of the non-linear system dynamics. A control approach taking the physics into account may lead to less complex controls, exploiting the physical properties of the system instead of cancelling them.
Remark 3: However, the integrator backstepping method exploits the model structure, and uses the nonlinear couplings of the system, making it possible to ® nd a solution to the underactuated ship state tracking control problem. Another reason for using the integrator backstepping method is that it may be possible to modify the procedure in order to design state feedback control laws which are bounded both in magnitude and rate, as shown by Freeman and Praly (1998) .
Experimental results
The experiments were performed at the Guidance, Navigation and Control Laboratory, NTNU. The laboratory includes a model ship, Cybership I, which is a model of an oOE shore supply vessel, scale 1 : 70. The model ship has a mass of 17.6 kg, and a length of 1.19 m. The relationship between the speed of the ship and the model ship is
where the subscripts S and M denote the ship and the model respectively. The ship moves in a 6 £ 10 m pool. The position and orientation of the ship are monitored by three infra-red cameras, each covering a part of the pool. The infra-red cameras detect three markers mounted at the ship, and from the position of these markers the ship position and orientation can be calculated. These coordinates are transmitted to a dSPACE signal processor. This communicates over a dSPACE bus with a Pentium 166 MHz computer where the feedback control law is implemented. A non-linear passive observer (Fossen and Strand 1999 ) is used to estimate the low-frequency positions and velocities, and these estimates are then used for feedback in our control law. Note however, as there is no separation principle for non-linear systems, this scheme does not guarante e stability even though the observer is proven to be stable and we have proven that the closed loop system with full-state feedback is stable. The thruster commands are sent through the signal processor, by a radio transmitter, to the ship. The sampling frequency used in the experiments was 50 Hz.
The reference trajectory was generated by the reference model (21)± (25) The actual controls u 1 and u 2 in (1)± (3) are given from ½ u and ½ r (42)± (63) by the transformation (4) and (5). We chose in the experiments not to cancel the damping terms, as these are restoring terms, and due to possible parameter uncertainties cancellations could result in destabilizing terms. The controls used in the experiments were thus which satisfy (46)± (48). In all the experiments, the ship converged to a neighbourhood of the reference trajectory, regardless of where in the pool it started, and stayed close to the reference trajectory with errors depending on factors including the magnitude of the waves, the currents and how many times the camera system had to be reinitia- The coordinates x; y; Á; u and v are here shown together with the reference coordinates generated by the reference model (21± 25)± (66± 68), using
The estimated yaw angle Á and the reference variable Á d is mapped to the interval ‰ 180; 180Š deg. The yaw rate r is shown together with the reference function ¬ r de® ned in (43).
We see how the ship converges to a neighbourhood of the reference trajectory. The deviation from the reference trajectory was probably due to a combination of several factors. First, there may have been modelling errors as discussed in } 2. Furthermore, there were measurement noise, thruster limitations (magnitude and rate), waves, currents and also hydrodynamic eOE ects as the ship moved close to the sides of the pool, that were not taken into account in the control design. Also, there may have been errors in the feedback due to estimation errors, as the observer originally was developed for dynamic positioning purposes and since there is no non-linear separation principle. Simulations showed that without these factors, the control law (42)± (63) provided exponential convergence to the reference trajectory with zero stationary errors. Moreover, during the experiment the camera system fell out as the ship moved from one camera zone to another, after 149 s. Loosing the measurements, the estimates started drifting and the feedback became wrong. Moreover, the camera system was not able to recover and had to be reinitialized at 168 s, thereby giving further disturbance to the control system. The reinitialization can be seen as spikes in the estimates and in the commanded controls. Note that the spikes shown in ® gures 2± 7 were only in the estimated states and not in the actual ship states.
Figures 6 and 7 display chattering behaviour. A reason for the chattering may be modelling errors together with actuator saturation. The magnitude limits of the controls were approximately 1 N for the surge control force and 1 Nm for the yaw control moment. The saturation is not seen in ® gures 8 and 9 as these show the commanded controls which were the inputs to the actuators, while we had no measurements of the actuator outputs. We do however see in ® gure 9 that the commanded yaw control moment exceeded the magnitude limit, indicating that the control system experienced actuator saturation during the experiment. The reason for the chattering may therefore be that the cancelling terms included as a result of the extra step of backstepping leading to (63) were wrong due to modelling errors and therefore were destabilizing, and that this together with the control magnitude limitation gave the chattering behaviour. This theory is supported by ® gures 7 and 9 which show that the main chattering behaviour started when the stabilizing term a 3 …r ¬ r † in (63) was quite small and therefore could be dominated by destabilizing terms resulting from modelling errors. Also, this theory was supported by experiments where ½ rˆa3 …r ¬ r †, i.e. where the cancelling terms of (63) were removed, since in these experiments there were no chattering behaviour.
Conclusions
The tracking control problem was considered for a ship having three degrees of freedom with only two controls available. It was shown how a recursive technique for developing tracking controllers for drift-less chained form systems could be used for tracking control of the ship, even though the ship had a drift vector ® eld. A coordinate transformation was proposed giving model equations in a triangular-like form, and then a continuous state feedback tracking control law was developed using integrator backstepping. The control law was proven to give local exponential stability of the reference trajectory. Finally, experimental results were presented. The experiments showed that the proposed control law made the ship converge exponentially towards a neighbourhood of the reference trajectory, and stay close to this trajectory. The stationary errors were probably due to unmodelled dynamics, parameter uncertainty, estimation errors, measurement noise, thruster saturation, and they depended also on the magnitude of the waves, the current, for how long time the position measurement system failed, and how many times the camera system had to be reinitialized.
The derived control law involved feedback from both position and velocity measurements. For most ships, however, only position measurements are available, and estimates of the ship velocities must be derived from the position measurements using an observer. In the experiments we used a passive observer (Fossen and Strand 1999) in the implementation of the actual control law, and this seemed to work satisfactorily. However, as there is no non-linear separation principle, this scheme does not guarantee stability. In future, the output feedback tracking control problem, developing a stable observer-controller scheme, should be investigated for underactuate d ship tracking control. Output feedback tracking control of fully actuated ships has been investigated in Paulsen and Egeland (1996) , Vik and Fossen (1997) and Pettersen and Nijmeijer (1999 b) , but to the authors' best knowledge no solutions have been presented for underactuated ship control.
